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Introduction

T HE use of the indicial response method (IRM) or other
similar methods such as the pulse transfer-function

method have been frequently used to approximate nonlinear
time-domain unsteady aerodynamics. These methods have
been applied to all levels of the nonlinear � uid equations from
two-dimensional transonic small disturbance (TSD)1 to full
three-dimensional Navier– Stokes equations.2 These techniques
assume that dynamic deformations are restricted to small per-
turbations about a given static equilibrium position. With this
assumption, it follows that the generalized forces can be ex-
pressed as a linear combination of the generalized displace-
ments.

Because the equilibrium position is obtained by solving a
nonlinear set of differential equations, the perturbation results
depend on the steady-state conditions from which the pertur-
bation takes place. For example, in transonic � ow a different
set of unsteady aerodynamic forces result for a wing perturbed
from a steady-state equilibrium of 1-deg angle of attack com-
pared to a wing that is perturbed from a steady state of 2-deg
angle of attack. This is because the pressure distributions and
magnitudes differ between these two cases. The same argu-
ment can be applied to the difference between using a nonlin-
ear static rigid steady state vs a nonlinear static aeroelastic
steady state for the point about which the perturbation is per-
formed. The effect of angle of attack and static aeroelastic
deformations on two-dimensional airfoils using the TSD the-
ory was investigated by Bland and Edwards.3 Another study
that used transonic test data to correct subsonic oscillatory
aerodynamics including static aeroelastic effects was per-
formed in Ref. 4 on supercritical wings. McGrew et al.4 con-
cluded that static aeroelastic twist could signi� cantly affect
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� utter velocity. The effect of static aeroelastic equilibrium on
a three-dimensional TSD IRM wing � utter analysis is dem-
onstrated in this research.

Approach
For a given � ight condition and set of structural mode

shapes, CAP – TSD5 is used to time integrate the modal equa-
tions of motion to a converged static aeroelastic equilibrium.
The resultant generalized deformations are used as the aero-
dynamic surface boundary conditions and the indicial re-
sponses initiated from this deformed shape. Once the indicial
responses are calculated the procedure developed in Ref. 6 is
used to perform the IRM � utter analysis.

To demonstrate the procedure a modi� ed version of the
� ghter wing sample case considered in Ref. 7 is used. For this
study the wing structure in Ref. 7 is terminated at the wing
root (no carry-through attachment) and the overall mass of the
wing in Ref. 7 is scaled to obtain the desired natural frequen-
cies. In addition, a 4% parabolic airfoil is speci� ed over the
entire wing to include thickness effects. Figure 1 shows the
� nite element model of the wing, the transonic small distur-
bance mesh, and the wing planform. The TSD mesh is 60 3
23 3 70 with 39 chordwise points and 15 spanwise points on
the wing. As can be seen from the � nite element model and
TSD mesh, the aerodynamic model extends beyond the struc-
tural model. The Harder– Desmarais8 in� nite plate spline is used
to accommodate the splining requirements between the � nite
element model and TSD mesh. The � ight condition chosen is
M` = 1.1, a0 = 1.0 deg. Using the time-integration method and
the � rst four fundamental mode shapes, a � utter dynamic pres-
sure of approximately 53.5 psi and a frequency of 20.10 Hz
are determined (Table 1). Using a static rigid equilibrium (a
= 1.0 deg) as the point about which indicial responses are
calculated, a � utter analysis is then performed (Table 1). These
� utter results compare fairly well with the time-integration re-
sults. The � utter dynamic pressure is approximately 7% high
with the � utter frequency within 1%. Finally, using a dynamic
pressure of 50.0 psi, a static aeroelastic analysis is conducted
at M` = 1.1, a0 = 1.0 deg. Figure 2 depicts the DCp differences
between the rigid and aeroelastic steady-state equilibriums for
this case. This � gure indicates that the largest differences in
the pressure distribution are at the leading-edge outboard por-
tion of the wing surface with the rigid equilibrium giving a
greater DCp at this location. This is expected because the
aeroelastic deformation of the wing exhibits a nose down ro-
tation or washout characteristic. Taking the generalized defor-
mations from the static aeroelastic analysis and using them as
the aerodynamic surface boundary conditions, a set of indicial
responses are calculated. Finally, a � utter analysis is performed
with the results found in Table 1. This shows that the � utter
dynamic pressure and frequency including the static aeroelastic
deformations are within 0.1% of the time-integration results.
Figure 3 shows the differences between the � utter analyses
conducted with and without static aeroelastic effects for U` vs
g. This � gure shows that the dynamic aeroelastic response of
the system differs when static aeroelastic effects are included
in the analysis. These results indicate that static aeroelastic
effects should be included when using a small perturbation
assumption to approximate transonic unsteady aerodynamics.
This is because static aeroelastic deformation can effect the
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Fig. 1 Fighter wing a) wing box � nite element model and b) TSD
mesh and planform.

Fig. 2 Fighter wing DCprigid 2 DCpaeroelastic (M` = 1.1, a0 = 1.0 deg,
q` = 50.0 psi, U` = 14736.48 in./s).

Table 1 Fighter wing � utter resultsa

Method
q f,
psi

Uf,
in./s

vf,
Hz

Time integration 53.5 14,736 20.10
IRM rigid 57.2 15,243 20.38
IRM aeroelastic 53.6 14,751 20.07
aM` = 1.1, a0 = 1.0 , 4.9272 3 1027 slinches/in.3.

Fig. 3 Fighter wing rigid and aeroelastic U` vs g (M` = 1.1, a0

= 1.0 deg, r` = 3.776E-7 slinches/in.3).

steady-state pressure magnitudes and distribution which, in
turn (as a result of the nonlinear � ow), affects the perturbation
results. This effect is most signi� cant when the structure ex-
hibits a large amount of bend twist coupling.

Concluding Remarks
The static aeroelastic effects on a transonic indicial response

wing � utter analysis are presented. The method uses static
aeroelastic equilibrium states as aerodynamic surface boundary
conditions when performing indicial responses. For the ex-
ample chosen, the inclusion of static aeroelastic effects reduces
the difference between the IRM � utter dynamic pressure and
the time integration � utter dynamic pressure from 7 to 0.1%.
These results indicate that a more accurate � utter analysis can
be obtained if static aeroelastic effects are included when ap-
proximating the unsteady aerodynamic forces. Although the
magnitude of the static aeroelastic effects will be planform,
airfoil, Mach number, initial conditions (angle of attack, dy-
namic pressure etc.), and structural � exibility dependent, some
general guidelines on when to include static aeroelastic defor-
mations in approximate � utter analysis can be postulated. Fun-
damentally, the static aeroelastic effects must be included if
they signi� cantly alter the resulting steady pressure distribution
(not magnitude). It is this alteration in the pressure distribution
that will affect the perturbation (indicial responses in this
study) results and, hence, the approximated unsteady aerody-
namic loads.

For the current study it is the transonic � ow conditions along
with the structural deformations that produce the change in the
static pressure distribution. This implies that for Mach numbers
ranging from 0.85 to 1.2, the static aeroelastic effects should
be included in the approximate � utter analysis. Other condi-
tions that would warrant including the static aeroelastic effects
would be highly nonlinear � ows (separated � ows at high an-
gles of attack, etc.), and/or structures that have a high apparent
� exibility at the desired � ight condition. The apparent � exi-
bility being determined by a combination of the structural stiff-
ness and the dynamic pressure at a given � ight condition. Stiff
structures at high dynamic pressures can produce large defor-
mations and, hence, signi� cant changes in the static pressure
distribution. Likewise, � exible structures at low dynamic pres-
sures appear rigid and produce no change in the static pressure
distribution. In general, the static aeroelastic effects will be
most signi� cant when the steady-state � ow is highly nonlinear
and/or the structural displacements are large.
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Introduction

T HE alleviation of the gust response of aircraft has been a
topic of research for a number of years.1 The goals of this

research have been 1) to reduce the rms values of the loads
that the aircraft experiences from a gust, 2) to increase fatigue
life, 3) to better design the structure, 4) to provide increased
comfort for the passengers and crew, and 5) to decrease the
effect of the gust on the cargo.1 One approach to gust allevi-
ation is a passive approach, where an existing structure is re-
sized to alleviate gust loads or to minimize the structural mass
when subjected to a given gust.2,3 The most common approach
has been to include active control systems in the design.4

However, to the best of the author’s knowledge, except for
the very preliminary results of Ref. 3, there has not been an
effort toward understanding the effects of structural modi� -
cations on the gust response of the wing with or without a
control system. More signi� cantly, there has been no research
into understanding or quantifying the magnitude of the change
in the open-loop gust response of a wing caused solely by
structural modi� cations, nor into quantifying the sensitivity of
the gust response caused by structural modi� cations. In partic-
ular, could a pure structural redesign signi� cantly reduce the
gust response? This Note seeks to begin to examine these is-
sues by using a typical section model.

This Note uses the rms response as a measure of the gust
response. This was done because it is a convenient and phys-
ically meaningful measure of the system response to a random
input (the gust). For past aeroelastic research efforts, the rms
has been used only for examining closed-loop aeroservoelastic
systems. The rms approach has not been used to determine the
in� uence of solely the structure on the gust response (open-
loop), nor to quantify to what extent structural modi� cations
can change the open-loop gust response of the aeroelastic sys-
tem. Moreover, past researchers have typically examined the
sensitivity of the weighted control cost, not the output response
for pitch and plunge.

In this Note, the rms response of a typical section model
subjected to a gust is examined using the state covariance ma-
trix. In addition to determining the rms, this Note will use it
as a guide for understanding (characterizing) the gust behavior
of aeroelastic systems. The sensitivity of the rms behavior with
respect to several aeroelastic parameters will be examined to
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gain some insight into passive aeroelastic stability augmenta-
tion design for gust alleviation. As a result of the characteri-
zation of the gust response sensitivity, the usefulness of the
state covariance matrix for passive aeroelastic tailoring for gust
response will be demonstrated.

It is hoped that from the characterization a range of ques-
tions can begin to be addressed. Is there one characteristic
parameter or a small group of parameters that may be used to
assess the full range of design possibilities over a range of
airspeeds? In addition, if a parameter or combination of pa-
rameters identi� es a design with a desired gust response, can
it be extended to similar planforms? What, if any, are the lim-
itations to reducing the gust response by inertial and structural
redesign? This Note will begin to examine these questions by
approaching the gust response as a mechanical dynamic re-
sponse whose underlying cause is the aeroelastic interaction
between characteristic deformations of the typical section.

Model
This Note uses a typical section model that is quite well

documented in the literature.4 Although it is a simple model,
and in some sense an educational model, it retains the major
elements of aeroelastic behavior and does allow for insight into
the fundamental behavior of aeroelastic models. Its simplicity
allows for some characterization of general behavior that
would not be practical for a more complex model.

Determination of the System RMS
The rms provides a convenient, scalar measure of the energy

that the disturbance injects into the different modes of motion
of the system. Moreover, it is a useful, physically meaningful
measure of the response of a system to a random disturbance.
Furthermore, it is a relatively easy quantity to compute for
linear time-invariant systems.

Consider a linear time-invariant state – space model of an
aeroelastic system

xÇ = Ax 1 Gw, y = Cx (1)

where x is the state vector, u is the control input vector, w is
the vector of disturbances, and y is the vector of system out-
puts. In general, provided that the plant is observable and con-
trollable, stability is proven by � nding a Lyapunov function
for the system. For linear time-invariant systems, such as those
described by Eq. (1), stability is then conditioned on the ex-
istence of a positive de� nite solution X to the following Lya-
punov equation:

T TAX 1 XA 1 GWG = 0 (2)

where A is the plant matrix, W is the intensity matrix of the
disturbance (in this case the gust), and G describes how the
disturbance affects the plant. X is the system covariance ma-
trix. The system covariance matrix is related to the output co-
variance matrix Y by the following:

TY = CXC (3)

where the matrix C is termed the output matrix in a � rst-order
state – space model, and Y is ny by ny. The diagonal elements
of Y are the mean square outputs of the system

2 Ts = [CXC ] , i = 1, . . . , n (4)i ii y

where are the mean square outputs and si is the rms mea-2s i

sure of the system outputs. Because this is an open-loop model,
by judiciously choosing the output matrix, the rms of any de-
sired state can be easily computed. In the case of a modal
model, the same situation is true, but involves the eigenvector
matrix of the structural system in the C matrix.


